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1 ¢° theory

We consider real scalar field ¢. Bare ¢? theory is given by

1 1 1
L= —iau%aﬂfﬁo - §m3¢8 + §QO¢8~ (1)
For example, in the OS renormalization scheme, we require

(0] ¢(x)[0) =0
(k| p(x) |0) = e~
™M = Mphys

9 = Jphys> (2)

where mppys is determined by the measurement of particle mass, and gpnys is determined by the measurement of
cross section. Such renormalization conditions are satisfied by shifting the field values and rescaling the parameters

1 1 1
L= =3 250" 00,6 — 5 Znmm®® + 5 Z,99° + Y 0. (3)
This renormalized Lagrangian is decomposed into the free part and the interaction part
L= Acfrcc + Eint
1 1 55
Liree = _,61‘(1)8”(;5 —-m°¢
2 2
1
Ling = 5 gg¢3 + Lcr
1 1 9,9
Lor = fiAa“qﬁ@,L(b — iBm "+ Yo (4)
Here, Lot is called a counter term, A = Z, — 1, and B = Z,,, — 1. The term Y¢ in Lc7 ensures

(0] ¢() |0) = 0. (5)

This means that the sum of all connected diagrams with single source is zero. No matter what this replacement
subdiagram is, the sum of all connected diagrams with single source (tadpoles) is zero.



Figure 1: The 1 loop correction to the self energy

1 loop correction

Correction to the self energy

im(k?) = % (Z’9>2/ (;i:;d <12 - n;; + z’e) ((l + k)Qim2 + Z’E)

—1 (Ak2 — Bm2) + (’)(94)

[ Y 1
2 /(27r)d (12 — m?) [(l+k)2—m2}

—1 (Ak2 — Bm2) + (’)(94)

g [ dU } 1
2 /(zﬂ)d/o ‘ (1—x)(l2—m2)+x{(l+k)2_m2}}2
i (AK? — Bm?) + O(g")

2
/ 1
{(1 —)(2=m?) +z[2+2(k-1)+ (k2 —m?)]}’
2 m?) +0(g")

Ak

1

*7/ /o 2wk D)+ (1—2) (—m?) + 2 (k2 — m?)}?
A2 m?) + O(g*)

k
_7 T 1
2 /(%)d/o ! {(l+xk)2—x2k2+(1—x) (—m2)+x(k;2—m2)}2

(A o) 0y
= / /dm ! 5
(I + zk)? (1—x)k2—m2}

(AR - B )+0()

2 d 1
_9 dQ/ 1 . 2 2 4
= d — i (Ak® — Bm®) + O(g%),
2 /(m)d o 2+ D) i m’) + 0l
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q=1+czk
D=x(1-z)k*—m?



Let’s evaluate this loop integral

1(k?) = (9)
(¢ + D)
We use Wick rotation to define a Euclidean d-dimensional vector g via
qO = 7da qj = uj]a (10)
where
C=G+G++ (11)

To make g dimensionless, we will think of d = 6 case. But we perform dimensional regularization since I (k2) is
divergent at d = 6. In general dimension d, the coupling g has the mass dimension of

=5 (=6-d). (12)
Therefore, we introduce scale parameter ji to separate the mass dimension from the coupling
g — gi/? (13)

Of course, any quantities must be independent of i because [ is not the true parameter in d = 6 theory. If you
apply this regularization to the loop integral, you get

=i o o

_ /de(( 5) p-(2-%)

47‘(’)d/2
iT(— € 1 - €/2
:F((471T;3_2)/0 de(4D> (d=6-¢), (14)
where we used
dlg ()" _Tl-a-§)T@+9) (a o
/ e @+ D) )P T@R) ' 1

Now using g — gji/? and a = g%/ (47r)37 we get

) = L1(2) - (4K - Bu) + 0(g")

R N e = ) + 0(g"
=39 (47r)3 ; dx D ) 1 (Ak Bm ) —|—O(g )
v 2~5F(_1+§) /1 4n 6/2_- 2 2 4
—>2gu7(47r)3 ; dx D o) z(Ak: Bm)—i—O(g)
_b € ar\ 7 2 2 2
—QaMF<—1+2)/deD<D) z(Ak; —Bm)+(9(a)
; €/2
i € 42 )
= 5oér(—l + 5)/0 dz D ( 5 ) — i (Ak* — Bm®) + O(a?) . (16)
Now, we take the limit of ¢ — 0. Using formula
M(—n+z)= DA v+ En = +0(z)| (neZt,|z|<1) (17)
nl |z —k ’
AT =14 Zlog A+ 0(e), (18)



we get

F(—l—i—%) /Old;nD(‘hg1

2

)6/2 —— [§—7+1+0(;)} Uoldx D+;/01dxmog<4g‘2> +0(62)]

[

2 1 ! 4 i
41 2k —m? D1
6—1— ) (Gk m) /0 dz og< )

For the renormalization, we use MS scheme

to get

iT(k?) = %af( 1+ 3

= ——q«

1

= -«

2

(

i+)(

w=Vare 2

e D (4” ) i (Ak* — Bm?) + O(a?

e pis(22)] i

+

1
D

/ dxD log<2>
0 m

i Lo 2 BN? Lo 2\ 1
+2a<6k —m)log(m) —za(Gk —m)e
—i(AkQ—BmQ)—I—(’)(aZ)

, 1
= la/ de10g<D>

2 0 m2

1,y LN T 1
+ i <6k m)log(m) i (614; m” ) =

—i (AK® —

Bm2) =+ O(az)

. 1
i D
= 504/0 dxD log<mz>

{

«

6

[1 - log(::l)} + A} k2

+i {a [1 - 10g<7'i>} + B} m?+0(a?).

Therefore, iH(kQ) becomes finite by setting

A=-2 ﬁ 710g<%) +/<;A] + 0(a?)

B=—a ﬁ — log<%> + HB:l + 0(0‘2) ;

where k4, kp are the constants. This means that, at 1-loop level,

Zy =

Z m =

1- % {1 - log(%) + IiA:| +0(a?),

€

1—a [i —log(%) +/€B:| +0(a?).

)} (- —yD=Dlog e77).
(19)

(20)

)

m*) +0(a”)
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Figure 2: The 1 loop correction to the 3 point vertex function

Correction to the 3 point vertex function

d4 —i —i —i
Va(ky, ko, ks) = iZ +'3/ ( ) +0(g°
Walheoha:ka) = iZy0 + G0)” [ o g \m e sie ) \ G —me i) \G— P —me i) T 00
d% 1 1 1
2,9 + 3/ ( ) +0(g°
29+9" | i \Tomr i) \ Ty —mevie ) \ G Tm i) TOW)

~itged [ " ! ;4 O(). (26)

(27 x1 (I — k1)2 +aa (I + k2)2 + 302 — m2]
where
/dF3 =(3— 1)!/dx1dx2dx35(as1 +axo+a3—1). (27)
Then
1
/dF3 3 (28)
[xl (- k1)2 +xo (I + k2)2 + 312 — m?2
= /dF3 L 3
[12 -2 (371/61 — $2k2) -+ (1‘1/{% + xgk’% — m2)]
1
= /dF3 3
|:(l —x1k1 + l‘2]€2)2 — (.Z‘lk'l — J,‘Qk‘g)Q =+ (l‘lk% =+ Z‘Qk‘% — m2)
1
iy 3
{q2 + [Il (1 - 1‘1) k‘% + T2 (1 — xg) k’g + 221wk ko — mQ]}
1
= [ dFs—— (29)
/ 4> + D
where
q=1—x1k1 + x2ko (30)
D= I (]. - :cl) k‘% —+ X9 (]. — LCQ) k% + 25611’2 (kl . kQ) — m2. (31)
Let’s evaluate this loop integral
J(k1, ko, ks3) /dF / (32)
1 2y 3 3 q +D]

Again, we perform Wick rotation and apply the dimensional regularlzatlon d = 6—e. Separating the mass dimension
from the coupling by a scale parameter i

g — g%, (33)



we get

ngr(efDe/ 2, (34)
Then

1 e —e
§V3(/€17k’2,k3) =Z,+ I /dF32)5D 2 4 0(g°)

=Z,+3 /dF3 r(3) (47;;‘ )E/Q +0(a?) (a=g*/ @4n)°)
= Z,+ % (i —'y) /dF3 [1 + glog (47;52)} +0(a?)
Zy+ = E +/dF3 log <%>} + 0(a?)

2
2 2 _
= 7,+2 { + /ng log <“ )] +0(a?) (Ms u= \/47re*7/2,1) . (35)
2 |e€ D
If you write Z; =14 C,
1 B 1 W @ D 9
SValkikaky) =14 C +a L +log(m>} -3 /dF3 log (m2> +0(a?) (36)

Therefore, V3(k1, ka, k3) becomes finite by setting

C=—-a«a [l—l—log(u)—knc] +0(a?), (37)

m
where k¢ is a constant. This means that, at 1-loop level,

Zy=1-« ﬁ + log<%) + KC:| +0(a?). (38)



Renormalization group

From the perturbative calculation in MS scheme Eq. (24), (25) and (38), we have found

oot 2
Zy=1 664—(9(&), (39)
1ot 2
Zm—l—ae—FO(a), (40)
Zg=1-— ol O(a?). (41)

Here, we will see how the Lagrangian parameters m, g must change with the fake parameter u from a formal point
of view, and see how they extend to all orders of perturbation theory. Equations that tell us how the Lagrangian
parameters vary with p are collectively called the equations of the renormalization group.

Let us recall the Lagrangian of our theory, and write it in two different ways. In d = 6 — € dimensions, we have the
renormalized Lagrangian

1 1 1 e
L= —5250" 0040 — 5 Zmm* 6 + 5 Zog P +Y¢ (42)
and the bare Lagrangian

1 1 1 .
L = =50"60dudo — mid5 + 519005 + Yodo. (43)
Comparing Eq (42) and Eq (43) gives us the relationships between the fields and parameters

1/2
¢0($) = qu/ ¢7
mo = Z;l/QZ,ln/Qm,
—3/2 e
g0 =2, 2,90,
Yo = 2,'%Y.
Recall that, after using dimensional regularization, the infinities coming from loop integrals take the form of inverse

powers of ¢ = 6 — d. In the MS scheme, we choose the Zs to cancel off these powers of 1/e and nothing more.
Therefore, the Zs can be written as

Zy=1+ i a”eia), (48)
n=1
Zu=14Y b”f), (49)
Z=1+Y C”g(no‘), (50)
where
ar (@) = —% +0(a?), (51)
bi(a) = —a+0(a?), (52)
c(a) =—a+0(a?), (53)

and that a,(a), b, (), and ¢, (a) are all at least O(a?) for n > 2. Now let us compute the beta function for «, the
anomalous dimension of m and other useful things. This is the trick

bare fields and parameters must be independent of u!



Let us start with gg. It is convenient to define

_ 9 —372~¢
g = =7°Z 0« 54
0 (47T)3 13 g,u‘ ( )
and also
G(a,e) = log(Z;‘?ZgQ) . (55)

From the general structure of Eq. (48), (49), and (50), we have

Glaye) =" Gzﬁ”. (56)
n=1

In particular,
G(a,e) = log(Z;‘o’Zg)
= —3log Zy +2log Z,

- —310g<1+ i%ﬁ) +210g<1+§: C”jﬂ)

n=1

= [3a() +261(a) + O(a?)] + + O(c?)
_ [_ +O(a2)} Lo (57)
Therefore
Ci(0) = 20 +0(a?) (58)
Now we have
log g = G(a, €) + log a + € log i, (59)

and if you differentiate this with respect to log 4 and require g to be independent of it, we get

= 1 2 =Adne 2
log ogag (p me Vi)

_ 0G(aye) da 1 da

= 60
oa dlogu+adlog,u+e (60)

G G
—0=(1+2 1(a)+a 2() —— tea (61)
€ €2 dlog i
Here 3 1‘1" is the rate at which a must change to compensate for a small change in log u. If compensation is possible

at all, this rate should be finite in the € — 0 limit. Therefore, in a renormalizable theory, we should have

da
dlog i

= —ea+ B(a). (62)

The result is

= —7042 =+ O(a3) . (63)

Thus, as p increases, a(u) decreases. A theory with this property is said to be asymptotically free. In this case,
tree-level approximation (in the MS scheme with u? ~ s) becomes better and better at higher and higher energies.



Secondly, consider the invariance of my. We begin by defining
M(a,e) = log(qul/QZ#/Q)

_ N Mal) (64)

In particular

Therefore

Now we have
logmgo = M(a, €) + logm. (67)

By taking derivative of both sides with respect to log i and require mg to be independent of it, we get

2 _ —y =2
- dlog,ulogmo (M = 4me 'Yu)

_ OM(a,e) da +l dm
 Oa  dlogp  mdlogpu

(68)

mdlogp € dlogp
1
= aMji(a) +(’)(>. (69)
€

In a renormalized theory, % d(lic:gu should be finite in the ¢ — 0 limit, and so O(1/¢) terms must actually all be

zero. Therefore, the anomalous dimension of the mass, defined via

1 dm
m{a) = mdlogp’ (70)
is given by
Ym (@) = OzM{ ()
——3a+0@ﬂ (71)

10



Finally, let us take a look at the scaling rule of the correlation functions. In the MS scheme, the propagator in
momentum space is given by

A(K?) = Ak, ), m() = i / d°z e~ (0] T(x) $(0) [0) (72)
while the bare propagator is given by
Ag(K?) =i / Az ¢ (0] To () 60(0)|0) (73)
Here, the bare and renormalized propagators are related by
Ao (k?) = ZyA(K?) . (74)

Now require that the bare propagator should be independent of u. Taking the logarithm and differentiating with
respect to log u, we get

_ A (1.2
= dloguIOgAO(k)
dlog Z4 d .
= log A
dlogp  dlogp (+°)
legZ¢ 1 o do 0 dm ) _ )
B A . — ) A(K?).
dlog it A(k?) <510gu+dlogu8a+dloguam> ( ) (75)

We can write

~ Y el (76)

then we have

dlogZy, 0logZ, da
dlogp ~ da  dlogpu
!
_ (al(a) +> (—ea + B(a))

€

— —ad(a) + 0(1) . (77)

Here the O(%) term must all be zero because A(kQ) should vary smoothly with p in the ¢ — 0 limit. We then
define the anomalous dimension of the field by

_ldlogZy
The result is
1 !/
7(0) = —5ad (0)
1
= ;5 +0(e?). (79)
Finally, in the € — 0 limit, we get the Callan-Symanzik equation for the propagator
0 o) o) .
— m — +2 A(K?) =
(G + (@) e+ )+ 2ol ) &) =0 (50)

11



The Callan-Symanzik equation for the propagator

(6lfgu + B(a) 6% + Ym (@) ma% + 2%(04)) A(kQ) =0. (81)

This is most interesting in the massless limit, and for a theory with a zero point of the beta function at a non-zero
value of o = a* (fixed point)

<8lc()9g,u + 2%(04*)) A(k?) = 0. (82)

The solution is

A(K?) = CE;‘*) (’;z) WW), (83)

where C'(a*) is an integration constant. Thus the naive scaling law
A(K?) ~ k2 (84)
is changed to
A(k?) ~ k207760, (85)

This has applications in the theory of critical phenomena.

12



2 ¢* theory
We consider real scalar field ¢ with mass parameter m? > 0. Bare ¢* theory is given by

1 1 1
£ = =20 600,00 — Fm30} — 7 hot: (86)

Renormalization conditions are satisfied by shifting the field values and rescaling the parameters
1 1 9,0 1 4
L= —§Z¢8"¢>8M¢> — §me o — EZ,\/\(;S . (87)
This renormalized Lagrangian is decomposed into the free part and the interaction part
L= Efree + Eint
1 L 1 2.2
'Cfree = _§a ¢au¢ - §m ¢
1 4
Ling = —EZ/\)@ + Lcr
1 1
Lot = —§A8”¢8M¢ — §Bm2¢2. (88)

Here, Lot is called a counter term, A= Z, — 1, and B = Z,,, — 1.

13



Figure 3: The 1 loop correction to the self energy

1 loop correction

Correction to the self energy

N / d’ —i i (AR2 _ B2 2
zH(k)fz( iN) (QW)dZQ—mQ—&-ie i (Ak* — Bm?®) + O(\?)

d
:—1)\/ a1 #—z‘(AkQ—Bm2)+O(A2)

2 (2m)® 12 —m?
1 a1 1 2 2 2 R,
=—3 /WM—Z(AIC - Bm®) +0(X?) (D=-m? (89)
Let’s evaluate this loop integral
a1
- / mi D (90)
We use Wick rotation to define a Euclidean d-dimensional vector g via
1°=qa, V=ig, (91)
where
C=G+G+ (92)

To make A dimensionless, we will think of d = 4 case. But we perform dimensional regularization since I is divergent
at d = 4. In general dimension d, the coupling A has the mass dimension of

AN=¢ (e=4-4d). (93)
Therefore, we introduce scale parameter [i to separate the mass dimension from the coupling
A = A\G€ (94)

Of course, any quantities must be independent of i because [i is not the true parameter in d = 4 theory. If you
apply this regularization to the loop integral, you get

I:_f/(ﬂzl
(2m)* ¢* + D

Z-F(l -9) p-(-4)

(47T)d/2
_mey pom
- D(D> d—i—0). 05)
where we used
7 ()" Th—a—$T(a+9) —
/(27T)d @+D)"  (4m)2T(b)T(d)2) P ' (96)
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Then we find

(k%) =i

€ 47 €/2
s T(-1+g) P (g) —i (AR = Bm?) £ O(N). (D =—m?) (07)

Now, we take the limit of ¢ — 0. Using formula

G ! "1 N
I(—n+z)= o 5—7+;E+O(x) (nezt, |z| <« 1) (98)
A2 =14 Zlog A+ 0(e2), (99)

we get

im(k?) = @’ 1+ logiit+0(5)] [3 —y 1+ O(S)] D [1 + ;log(g) + 0(62)}

— i (Ak* — Bm?) + O(X\?)

A 14 gz o(9)] 12 - ¢ Cog( 4T 2], .2
Ty _1+2logu +(’)(2)} [6 7+1+O<2)] [1+2log(D>+O(e )}m
— i (Ak* — Bm®) + O(\?)
_ [2 Amji? 2 2
=—i——5 _e+1+10g(e’7D)+0(6 )]m
— i (Ak* = Bm?) + O(X\?)
r 2
= —i i+l+10g(u )+(9(e2)} m? — i (Ak* — Bm®) + O(\?). (100)

m?2

Therefore, iI1(k?) becomes finite by setting

A=0(\), (101)
o[£ () e oa] o) "

with fixed constant k. This means that, at 1-loop level,

Zy=1+0(N), (103)
A 1 H 2
Zm=1+W L +log<m)+ﬁ3} +0(2). (104)

15
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Figure 4: The 1 loop correction to the 4 point vertex function

Correction to the 4 point vertex function

) ) 1 N2 d —1 —i
Walky, ko, kg, k) = =iZ0A + 2 (=% / (2m)? LQ —m?+ iﬁ] (L4 k1 + kp)* —m? + de
+ (kg <~ k‘g)
+ (kg <> ky)
1
= —iZ\\+ 5/\2 [F(s)+ F(t) + F(u)], (105)

where s = (ki + k)t = (k1 + k3)? ,u = (k1 + ka)” and

=i 2 ]

Here, we performed the dimensional regularization d = 4 — € with the scale parameter A\ — Afi°. Then we get

F(k?) sz/(;:d {12—1m2} (z+k)12—m2]

1 d
1
_ i dx/dl

1
e m2] : (106)

e a1 1 ?
=H dz d |72 2 2
0 (2m)? L2+ 2z (- k) +2k? —m
2
e /1 / d’l 1
=p dz d 2
0 Cm)* | (I +zk)"+2(1—z)k? —m?
1 d
1
E[ﬁ/ d:v/ dqd - (107)
0 (2m)" (¢ + D)
where
g=1l+zk (108)
D=z(1—2)k*—m? (109)
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Now we use Wick rotation to evaluate the loop integral

d 2 )2

(q +D)

= fiﬁe/ deg —(2-3
0

(4m)"

- [, (”g)“z =0,

Taking € — 0 limit, we get

Therefore, we get

%Vz}(k}la ko, ks, ks) = —Zx + l)\ [F(s) + F(t) + F(u)]

B 3)\ 1 [ e D 5
= It 1 L—f—log(m)] - @/O dxlog<mQ> +0(A?)

Setting Zy = 1+ C, we see that

3\

= {1+1 (“)mc} +0(0?),

where k¢ is a fixed constant. This means that, at 1-loop level,

B 3 |1 I 9
Z>\71+W LJrlog(m)Jrﬂc] +O(>\ )

17
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Renormalization group

From the perturbative calculation in MS scheme Eq. (103), (104) and (114), we have found

Zy=14+0(N?), (115)
— Al 2

Zm_1+@z+(’)(A ) (116)
_ 33 1 5

Here, we will see how the Lagrangian parameters m, A must change with the fake parameter p from a formal point
of view, and see how they extend to all orders of perturbation theory. Equations that tell us how the Lagrangian
parameters vary with p are collectively called the equations of the renormalization group.

Let us recall the Lagrangian of our theory, and write it in two different ways. In d = 4 — € dimensions, we have the
renormalized Lagrangian

1 1 1
L= —§Z¢aﬂ¢aﬂ¢ — §me2¢>2 — EZA)\[LEQ#L, (118)
and the bare Lagrangian
1., 1 5,45 1 4
E = *58 QSOa’u(ZSO — §m0¢0 — E}\o(bo. (119)

Comparing Eq (42) and Eq (43) gives us the relationships between the fields and parameters

do(z) = 2,/%¢, (120)
mo = 2, 2 Z}*m, (121)
Xo = Z, 2 ZaNi©. (122)

Recall that, after using dimensional regularization, the infinities coming from loop integrals take the form of inverse
powers of € = 4 — d. In the MS scheme, we choose the Zs to cancel off these powers of 1/¢ and nothing more.
Therefore, the Zs can be written as

B L an(N)
Z¢_1+nz::1 o (123)
_ o bn(N)
Zm71+nz::1 o (124)
— cn(N)
Zy=1+ ; o (125)
where
a1(A) =0+ O(N\?), (126)
A
(V) =153+ 0(\?), (127)
3\
a(N) =153+ o(\?), (128)

and that a,,(\),b,()), and ¢, (A) are all at least O(A?) for n > 2. Now let us compute the beta function for A, the
anomalous dimension of m and other useful things. This is the trick

bare fields and parameters must be independent of p!
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Let us start with Ag. It is convenient to define
Xo = 22 Zajc A (129)
and also
L(\e) = log<Z(;2ZA) . (130)

From the general structure of Eq. (123), (124), and (125), we have

L(\e) = i Ln(3) (131)

In particular,

L(a,e) = log(Z;QZ,\>
= —2log Zy +log Z

= —2log <1 + g an(})
671
n=1

) +log<1+icne(n>\)>

n=1

_ [ Sal o(XZ)} Lo, (132)
Therefore
+0(a?). (133)
Now we have
log A\g = L(A, €) +log A + €elog [, (134)

and if you differentiate this with respect to log 1 and require )y to be independent of it, we get

log \g (MQ = 4776_7/12)

~d log
OL(A dA 1 dA
_ 9Lx¢) = te (135)
oA dlogp  Adlogpu
ALY (A ALL(A dA
~0=(1+ 1()+ 2()+~~ +eX (136)
€ €2 dlog

Here 3 1%; is the rate at which A must change to compensate for a small change in log p1. If compensation is possible

at all, this rate should be finite in the ¢ — 0 limit. Therefore, in a renormalizable theory, we should have

dA
dlog

= —eA+B(N). (137)

The result is

BA) = NLi(N)
3
1672
The beta function is positive, which means that the theory becomes more and more strongly coupled at higher and
higher energies.

N +0(N). (138)
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Secondly, consider the invariance of my. We begin by defining

MO\ e) = log<Z;1/QZ,1n/2)

o~ M,(\
_ 5 Maly (139)
671/
n=1
In particular
M\ e) = log(Z 1/221/2)
1 1
=-3 log Zy + - log Zy,
L= an(N) 1= ba(N)
T2 en + 2 Z en
n=1 n=1
1 1 N _9
- |2 +0(N?) 1+O(e*2’) (140)
32m2 €
Therefore
Mi(\) = A o(N?). (141)
3272
Now we have
logmy = M (A, €) + log m. (142)
By taking derivative of both sides with respect to log i and require mg to be independent of it, we get
= 1 2 =dne V2
dlog 0gmyg (u me [ )
:5M()\,e) dA 1 dm (143)
o\  dlogp  mdlogp
1 dm M{(N) ML) dX
— = (eh = B(X ! 2 = A
m dlog p (eA = B( ))< € + €2 + dlog p A+ B
1
= AM](\) + O() . (144)
€
In a renormalized theory, % d‘fgg# should be finite in the ¢ — 0 limit, and so O(1/¢) terms must actually all be

zero. Therefore, the anomalous dimension of the mass, defined via

1 dm
m(A) = — , 14
Ym(A) m dlog p (145)
is given by
Ym(A) = AM7 ()
A 2
= 53 T O(V). (146)
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Finally, let us take a look at the scaling rule of the correlation functions. In the MS scheme, the propagator in
momentum space is given by

B(K) = B(%m M) m(p)) = [ dP e 0] To(a) 6(0) ). (147)
while the bare propagator is given by
Bo(K) =1 [ d% e (0] Ton(x) 60) 0). (148)
Here, the bare and renormalized propagators are related by
Ao (K?) = Z,A(K?). (149)

Now require that the bare propagator should be independent of u. Taking the logarithm and differentiating with
respect to log u, we get

= log Ao (K
dlog i °8 0( )
dlog Z4 d <19
dlog +dlog,u ©8 (k)
_ dlog Zy 1 0 dx 9 dm 9

o A v — ) A(K?). 1
dlogp  A(k?) <510gu+dlogu8)\+dloguam) (k%) (150)

We can write

00 . A
log Z, = log 1+Zaei )>
n=1
L an(N)
-yl s

n=1

then we have

dlogZy 0logZy dA
dlogp 0N dlogpu

_ (wﬂA)4-~-)(—eA+w%A»

= —Ad|(\) +0<>. (152)

Here the (9(%) term must all be zero because A(kzz) should vary smoothly with g in the ¢ — 0 limit. We then
define the anomalous dimension of the field by

1dlog Z,
A== . 1
1) = 5 (153)
The result is
Ly,
16N = 5 Mt ()
=0+0(N?). (154)
Finally, in the ¢ — 0 limit, we get the Callan-Symanzik equation for the propagator
0 + B(\) 9 + Ym(N) m-2- +275(\) ) A(K*) =0 (155)
Odlogu ax am e N
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3 Complex ¢* theory (working in progress)
We consider real scalar field ¢ with mass parameter m? > 0. Bare ¢* theory is given by

1 1 1
L= —ia%gaﬂ@o - §m3 |®o|* — 10 |@|* . (156)

Renormalization conditions are satisfied by shifting the field values and rescaling the parameters
1 t 1 S| 4
L= —§Z¢,8“<I> 0P — §me |®|° — IZ’\/\ |P|". (157)
This renormalized Lagrangian is decomposed into the free part and the interaction part
L= Efree + Eint
Lo = —20"319,8 — 2m? |32
free — _5 n® — §m | |
1 4
Ling = _IZ’\/\ |®]" 4+ Lct
1 1
Lop = —§A8“CI>T8H<I> - 5Bm? D% (158)

Here, Lo is called a counter term, A = Zg — 1, and B = Z,,, — 1.
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Figure 5: The 1 loop correction to the ¢ self energy

1 loop correction

Correction to the self energy
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Figure 6: The 1 loop correction to the 4 point vertex function

Correction to the ¢5 4 point vertex function
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4 pseudoscalar Yukawa theory (working in progress)

We consider the Yukawa theory of a spinor field and a real pseudoscalar field ¢ with mass parameter m? > 0. Bare
¢* theory is given by

L=iVedVy —moPo¥g — %3M¢05’u¢0 - %M(?Q% + igodoPoys¥o — %AO%L- (159)
Renormalization conditions are satisfied by shifting the field values and rescaling the parameters
L=L=iZ¢VPV — Z,,mIV — %Z@%@W - %ZMM2¢2 +iZy99pVys T — %Z,\)\qb“. (160)
This renormalized Lagrangian is decomposed into the free part and the interaction part
£ = Lisee + Lint
Liree = 10PT — mPT — %awa,ﬂs — %M%’)Q
L = i2,90095% — L7300+ Lo
Lot = iAVPY — BmU ¥ — %C@”’(ba“(b - %DMquQ. (161)

Here, Lc is called a counter term, A =Zy -1, B=2,,, -1, C =24 —1,and D = Zp; — 1.
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Figure 7: The 1 loop correction to the pseudoscalar self energy

1 loop correction

Correction to the pseudoscalar self energy
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Figure 8: The 1 loop correction to the fermion self energy

Correction to the fermion self energy
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Figure 9: The 1 loop correction to the pseudo Yukawa vertex function

Correction to the pseudo Yukawa vertex function
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Figure 10: The 1 loop correction to the 4 point vertex function

Correction to the 4 point vertex function
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Renormalization group
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5 scalar QED (working in progress)

1 loop correction

Renormalization group
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6 spinor QED (working in progress)
1 loop correction

Renormalization group
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7 QCD (working in progress)
1 loop correction

Renormalization group
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A Useful formulas (working in progress)
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